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1. INTRODUCTION
The monotone iterative technique is useful in investigating nonlinear
 .problems involving a function f x , which satisfies certain monotonic
 .  w x.conditions, i.e., f x q Mx is monotone for M ) 0 for details, see 4 . In
w x1 , Chen extended this notion of monotonicity, and proved some fixed
point theorems for T-monotone operators A, i.e., A q T is monotone,
where T is a linear operator on an ordered Banach space E. Our results
w x w xare motivated by the results obtained by Chen 1 , Krasnosel'skii 3 , and
w xSun and Sun 5 .
2. PRELIMINARIES
 5 54Let K be a cone in a real Banach space E, ? and F be the partial
ordering defined by K.
The cone K is normal if there exists a constant L ) 0 such that
5 5 5 5u F x F y implies that x F L y , where u denotes the zero element of
E, and K is regular if every nondecreasing and bounded above in order
 4sequence in E has a limit. K is minihedral if sup x, y exists in E for every
 4  w x.pair x, y ; E, which is bounded above in order for details, see 4 .
A set B ; E is weakly compact if for any sequence in B it has a
subsequence which converges weakly.
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w xAn operator A: u , ¨ ª E is monotone if x F x implies Ax F Ax ,0 0 1 2 1 2
w x w xwhere x , x g u , ¨ . An operator A: u , ¨ ª E is weakly compact if1 2 0 0 0 0
w xA transforms u , ¨ into a weakly compact set, and is weakly continuous0 0
if A transforms every weakly convergent sequence of elements into a
sequence which also converges weakly.
3. THE MAIN THEOREMS
 .  .Let L E be the space of linear operators on E. T g L E is positive if
 .  .T K ; K. The spectrum of T is denoted by s T .
Let D ; E; an operator A: D ª E is said to be T-monotone if
Ax y Ay G yT x y y , x G y , .
 . w xwhere T g L E . We need the following two lemmas due to Chen 1 in
the proof of our theorems.
 .  .LEMMA 3.1. If T g L E and l f s T , then
y1
lI q T l A q T x s x .  .
if and only if
Ax s x .
w xLEMMA 3.2. Let u , ¨ g , u - ¨ , A: u , ¨ ª E be T-monotone with0 0 0 0 0 0
u F Au , A¨ F ¨ . Suppose that T satisfies the following two conditions:0 0 0 0
 .H1 T is positi¨ e;
 .  x  .H2 there is an l g 0, 1 such that l f s T and
Tx G yl x implies x g K .
 .y1 . w xThen lI q T l A q T : u , ¨ is monotone.0 0
Now, we pro¨e some fixed point theorems.
w xTHEOREM 3.1. Let K be regular, and A: u , ¨ ª E be T-monotone with0 0
 .  . w xu F Au , A¨ F ¨ , and suppose that T satisfies H1 and H2 . If u , ¨0 0 0 o 0 0
w xis separable, then A has at least one fixed point in u , ¨ .0 0
 .y1 .Proof. We shall write S for lI q T l A q T ; we want to prove
 .y1 . w xthat lI q T l A q T has at least one fixed point in u , ¨ . In view0 0
w x w xof Lemma 3.2, S: u , ¨ ª u , ¨ is monotone.0 0 0 0
 w x. 4Let X s x g S u , ¨ N x F Sx . Clearly, X is not empty since Su g0 0 0
X. Assume that Y is a completely ordered subset of X. By the separability
w x  4of u , ¨ , Y is separable. i.e., there exists a denumerable set y , y , . . .0 0 1 2
; Y, which is dense in Y. It is obvious that, for each n s 1, 2, . . . ,
 4z s sup y , y , . . . , yn 1 2 n
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 4exists and z g Y. Since the sequence z is monotone and boundedn n
 4above in order, it follows from the regularity of K that z converges inn
norm to some limit z . Evidently, we have, for p s 1, 2, . . . ,0
y F z F z F z , 3.1 .n n nqp 0
w x  .and z g u , ¨ . It follows from 3.1 and the separability of Y that0 0 0
y F z for any y g Y. Since y F Sy F Sz for any y g Y, we see that Sz0 0 0
 .is an upper bound of Y. On the other hand, from 3.1 we know z Fn
Sz F Sz , and so z F Sz . This implies that Sz g X. Thus, Sz is ann 0 0 0 0 0
upper bound of Y in X. By Zorn's lemma, X contains a maximal element
x*. It follows that x* F Sx*, and so, by the monotonicity of S, we have
Sx* g X. By the maximality of x*, we must have Sx* s x*. The conclusion
of the theorem follows from Lemma 3.1.
w xCOROLLARY 3.1. Let K be regular, and A: u , ¨ ª E be T-monotone0 0
 .  .with u F Au , A¨ F ¨ , and suppose that T satisfies H1 and H2 . If0 0 0 0
w x w xu ,¨ is relati¨ ely compact, then A has at least one fixed point in u , ¨ .0 0 0 0
w xProof. u , ¨ is relatively compact, and so separable. By Theorem 3.1,0 0
this corollary holds.
w xCOROLLARY 3.2. Let K be regular, and A: u , ¨ ª E be T-monotone0 0
 .  .with u F Au , A¨ F ¨ , and suppose that T satisfies H1 and H2 . If E is0 0 0 0
w xseparable, then A has at least one fixed point in u , ¨ .0 0
w xProof. By the separability of E, u , ¨ is separable. By Theorem 3.1,0 0
this corollary holds.
w xTHEOREM 3.2. Suppose that K is minihedral. Let A: u , ¨ ª E satisfy0 0
the condition of Theorem 3.1. Then A has a minimal fixed point x# and a
w xmaximal fixed point x* in u , ¨ .0 0
 .y1 .Proof. We shall write S for lI q T l A q T ; we want to prove
 .y1 .that lI q T l A q T has a minimal fixed point x# and a maximal
w x w x w xfixed point x* in u , ¨ . In view of Lemma 3.2, S: u , ¨ ª u , ¨ is0 0 0 0 0 0
monotone.
 w x. 4Let X s x g S u , ¨ N x F Sx . By Zorn's lemma we have already0 0
proved in Theorem 3.1 that X contains a maximal element x* and
Sx* s x*. Now, we prove that x* is the maximal fixed point of S in
w x w xu , ¨ . In fact, suppose x is any fixed point of S in u , ¨ ; then by the0 0 0 0
 4minihedrality of K, y s sup x, x* exists. From y G x and y G x* we get
 .Sy G Sx s x and Sy G Sx* s x*. Hence y F Sy, and so Sy F S Sy . This
implies that Sy g X. By the maximality of x* we have Sy s x*, and so
w xx* G x. Hence, x* is the maximal fixed point of S in u , ¨ .0 0
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Ã  w x. 4Let X s x g S u , ¨ N x G Sx . In a similar way we can prove that0 0
w xS has a minimal fixed point x# in u , ¨ . The conclusion of the theorem0 0
follows from Lemma 3.1.
w xCOROLLARY 3.3. Let A: u , ¨ ª E satisfy the condition of Corollary0 0
3.1. Suppose further that K is minihedral. Then A has a minimal fixed point
w xx# and a maximal fixed point x* in u , ¨ .0 0
w xTHEOREM 3.3. Let K be normal, A: u , ¨ ª E be T-monotone with0 0
 .  .u F Au , A¨ F ¨ , and suppose that T satisfies H1 and H2 . If E is0 0 0 0
w xreflexi¨ e and u , ¨ is separable, then A has at least one fixed point in0 0
w xu , ¨ .0 0
w xProof. Notice that u , ¨ is closed convex, and bounded since K is0 0
w xnormal. Then, by the reflexivity of E, u , ¨ is weakly compact. It follows0 0
 .y1 . w xfrom Lemma 3.2 that lI q T l A q T transforms u , ¨ into0 0
w x  .y1 . w x w xu , ¨ . Thus, the operator lI q T l A q T : u , ¨ ª u , ¨ is0 0 0 0 0 0
 .y1 . w xweakly compact. Since lI q T l A q T : u , ¨ ª E is monotone0 0
 .  .y1 .w x.by Lemma 3.2 , and lI q T l A q T u , ¨ is separable by the0 o
w x w x  .y1 .separability of u , ¨ , by applying Theorem 1 in 5 , lI q T l A q T0 0
w xhas at least one fixed point in u , ¨ . The fixed point is also a fixed point0 0
of A by Lemma 3.1. This completes our proof.
w xCOROLLARY 3.4. Let K be normal, A: u , ¨ ª E be T-monotone with0 0
 .  .u F Au , A¨ F ¨ , and suppose that T satisfies H1 and H2 . If E is0 0 0 0
w xreflexi¨ e and u , ¨ is relati¨ ely compact, then A has at least one fixed point0 0
w xin u , ¨ .0 0
w xProof. u , ¨ is relatively compact, and so separable. By Theorem 3.3,0 0
this corollary holds.
COROLLARY 3.5. Suppose that E is a separable reflexi¨ e Banach space.
w xLet K be normal, A: u , ¨ ª E be T-monotone with u F Au , A¨ F ¨ ,0 0 0 0 0 0
 .  .and suppose that T satisfies H1 and H2 . Then A has at least one fixed
w xpoint in u , ¨ .0 0
w xProof. By the separability of E, u , ¨ is separable. By Theorem 3.3,0 0
this corollary holds.
 4Recall that a sequence x ; E is called weakly convergent in-itself ifn
  .4the numerical sequence f x converges for an arbitrary functionaln
 4  .f g E*. The sequence x is weakly convergent to the limit x* if f x ªn n
 .f x* for all f g E*. E is weakly complete if every weakly convergent
 w x.in-itself sequence has a weak limit for details, see 3 .
w xTHEOREM 3.4. Let K be normal, and A: u , ¨ ª E be T-monotone with0 0
 .  .u F Au , A¨ F ¨ , and suppose that T satisfies H1 and H2 . If E is0 0 0 0
weakly complete, the unit sphere in E is weakly compact, and the operator A is
w xweakly continuous, then A has at least one fixed point in u , ¨ .0 o
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 .y1Proof. Since the linear operators T and lI q T are weakly
 .y1 . continuous, lI q T l A q T is weakly continuous. Since lI q
.y1 . w x w x  .T l A q T : u , ¨ ª u , ¨ is monotone by Lemma 3.2 , by apply-0 0 0 0
 . w x  .y1 .ing Theorem 4.1 d in 3 , lI q T l A q T has at least one fixed
w xpoint in u , ¨ . The fixed point is also a fixed point of A by Lemma 3.1.0 0
This completes our proof.
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